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A Contribution to the Study of Random
Degradation of Chain Polymers*

D. MEJZLER, J. SCHMORAK, and M. LEWIN, Institute for Fibres and
Forest Products Research, Ministry of Commerce and Industry, Jerusalem,
Israel

Mathematical models for the ideally random degradation of chain poly-
mers were established in four fundamental papers.'=* They give the theo-
retical answers to the following two problems immediately arising in any
study of random degradation of chain polymers: (7) For a given extent of
degradation, what is the expected chain length distribution of the degraded
polymer? (2) How does the extent of the«degradation vary with time?

The expected chain length distribution will differ according to whether
the initial (undegraded) material is assumed to be (a) one molecule of
infinite chain length, (b) many molecules of finite and equal length, or (¢)
many molecules of varying lengths.

The above-mentioned papers, while undoubtedly providing the answers
to these questions, use a varied mathematical approach which appeared to
us more complex than it need be. The purpose of the present paper is to
provide a generalized mathematical treatment, based on the concept of
the “expected number,” which may have the advantage of uniformity and
relative simplicity.

With regard to the problem of the variation of degradation with time,
it is shown that it, too, can be regarded as a stochastic process.

A parallel mathematical approach was used by Jellinek® to forecast the
chain length distribution of an initially homogeneous material after the
disruption of a given number of randomly distributed weak links. The
present paper, on the other hand, deals with the degradation of chain
polymers where weak links are absent, and each bond has the same prob-
ability of being ruptured. It is, moreover, not restricted to the case of
initially homogeneous material, but gives a rigorous solution for the general
cases (b) and (c).

The Expected Chain Length Distribution for One Molecule of Finite Chain
Length

Let the degree of polymerization (DP) of the molecule be N + 1; it
will then contain N bonds. Let S(n;») be the expected number of n-
* This work forms part of the research being carried out at this Institute under grant

number FG-1s-102-58 issued by the Agricultural Research Service, United States De-
partment of Agriculture.
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mers formed after » bonds have been broken, and let ’(n;») be the prob-
ability that the (» + 1)th bond broken will be that of an n-mer. Then,
after the »th bond has been broken, the number of unbroken bonds will be
(N — v), and the number of bonds in each n-mer will be (n — 1). The
probability that the (» + 1)th bond broken will belong to an n-mer will
then be the ratio of the number of bonds contained in all the n-mers to the
total number of bonds, or

(n — I}S(@) fl1<nN4+1-—-v

N —
0 otherwise

P(nw) =

The total number of n-mers present after » breaks may either change or
remain unchanged when the (» 4+ 1)th bond has been broken. In the
former case it may either diminish by one, if the (» 4+ 1)th bond broken
belonged to an n-mer or it may increase by one, if a bond in an ¢-mer
(7 > n) is broken so as to form an n-mer.

Each such chain has two such bonds, the nth bond from either end.
(If the chain happens to be a 2n-mer, only one such bond exists, but two
instead of one new n-mers are formed; the expected number of n-mers is
thus not affected.) The expected number of n-mers after the (» 4+ 1)th
bond has been broken is thus equal to the expected number of n-mers
after » bonds have been broken less the probability that the (» + 1)th
break will occur in an n-mer plus the probability that the (» 4+ 1)th bond
broken will be one of the two “favorable” links in an z-mer (7 > n):

P N+1-v P(?:,'L’)
Sty + 1) = S(n;w) — P(nw) + 2 i=12+n -1
0 otherwise

fl<n<N-—v

Substituting for P(n,v) and P(7;») and rearranging

S+ 1) = .
1 N+1—v

(N —n—0v4+1)Sny) +2 2 8@

- i=n+1
fl1<an<N-—-v

0 otherwise

It will be seen by substituting successive values of v = 1, 2, 3, ..., in
eq. (1) and assuming that

o f1 fa=N+1
S(”’O)‘{o ifn =N+ 1

that the solution of the recurrent eq. (1) is
(Y — BN —n = 1)l = 0= (= 2))

S(n) = v + 1) - NN —1)...(N = (0 — 1))
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or, using the usual combinatorial notation,
(N - n)
v— 1
)

Since (» + 1) chains are formed after » breaks, the number fraction of n-
mers will be given by

S(n,v) = (v + 1)

(N —-n
nS(n,v) v — 1

~ N+l =<N+1)”

v+ 1

The Expected Chain Length Distribution of a Number of Chain Molecules
of Finite and Equal Length

If m molecules, each one of DP = p + 1 are present in the initial state,
the total number of links will be N = mp. The basic eq. (1) will remain
valid for this system, too, the initial state being characterized by the equa-
tion:

~_Jo ifnEp 41
S(n,O)—{m ifn=p+1

After the first link has been broken, » = 1 and

_ 2/p ifn <p+1
) {m 1 ifn=p+1

For v > 1, the substitution of successive valuesv = 2, 3, 4, ..., leads to
the formula
2N + p(v — 1) — n( + DN —n—1)...[N—n—(v—2)]
NN —1)...[N — (@ — 1)] :

Bl = fn<p+1

N-—pW—p—1. . [N=p—(@—1]
NN - 1...[N—@— 1]

m

fn=p+1
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This formula can be rewritten, as before

(N—n
2N +pv — 1) —n(e 4+ 1) \v —1

W (N) m fn<p+41
N—7p
v

?
(N,Tm. fn=p+4+1
l

v

Sn) = |

The corresponding formulas for the number fraction and weight frac-
tion of n-mers in the reaction mixture after » breaks, will be, respectively

oy S()
= T

S(n,v) being defined as above.

The Expected Chain Length Distribution for Many Chain Molecules of
Finite and Unequal Lengths

The general case—and at the same time the case which is most fre-
quently met with in practice—is that of the initial material consisting of
m; monomers, m, dimers, m; trimers, ..., mg s-mers. The total number
of bonds initially present is then

8

N=2 (- 1)m

i=1

where, initially

,

my R = L2 oy B
Biml) = {0 ifn > s

The solution for S(n;2)—which may be arrived at by fairly elementary,
though somewhat laborious methods (see Appendix)—is

1

S(n,v) = NN -1 [N = = 1”'{(37 —n+ 1N —n)...

IN—n—v@@—=2)Imy+0o(N —n—1)(N—n-—2)...

8

[N—n—(@—2)] > [2N-|—v(1'-—n—])—n—z'—{-l]m,}

t=n+1
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or, using the combinatorial notation

(N—n—l—l
v 1

My +

Sl = (N) N—n-@-1

v

(N—n—l)
) ol > RN+ vi—-n—-1) —n—i+ 1lm; (2)

(N i=n+1
v

As the total number of links N* is given by

8
N* = Z 1my
i=1
and the initial number of chains N** by

N** = > my=N*—N

i=1
the respective expressions for W(n;») and F(n,») will be found to be

S(n,v)

W(nw) = N** 4o 3)
Rl = nSA(['ri;v) @)

Limiting Expressions

The exact expressions here derived for F(n,v) and W(n,») in each of the
three cases are seen to be unwieldy in use. Since, however, the number of
bonds N is for all practical purposes infinite, simpler limiting expressions
can readily be found. Thus, for a single molecule of infinite length, N' =
o  the degree of degradation « is defined as @ = /N, and the expressions
for W(n,;v) and F(n,;v) become, in the limit

Wn) = a(l — a)" !
F(n) = na*(1 — a)"7!
as originally deduced by Kuhn.!

For our second case of many molecules of finite, equal length, the cor-
responding formulas in the limit, where N = « and « = v/N are found to
be
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sidered is the change of the degree of degradation itself with time. This
has been dealt with by Simha* who deduced the number of n-mers formed
as a funetion of time. Simhat starts from a system of linear differential
equations and gives a more general treatment in the sense that he no longer
assumes that each bond has the same probability of being broken.

It is desired here, nevertheless, to restrict the mathematical treatment
to the case where all the bonds have the same probability of being broken
and to apply statistical considerations to the degradation process itself.
It will be seen that Simha’s model may be regarded as a rather special
case of a stochastic process. Any bond broken may be regarded as a bond
which is “dead’ and the process of degradation—as a random “pure death”
process.

Let N be the initial number of bonds, any one of which may be broken
independently of any other. Let P be the probability that a given bond,
still unbroken at the time ¢ will break in the time interval between ¢ and ¢ +
At. Let us also assume that in the infinitely small period of time At

P = o(t;n)At

This means that in the general case the probability /> may depend both
on the time ¢ and on the number of the unbroken bonds = still present at the
time {.

It is possible then to characterize the system in terms of the series of
probabilities P,(f) of exactly n» bonds remaining unbroken after time t.
It may then be shown® that the change of the degree of degradation with
time may be described by a system of differential equations

dPn+1(t)/dt
= (n ¢ o l)tp(t,n I l)Pn-H(t) - nﬂo(t)n)Pn(t) n = 0; 1: RN N =1
dPx(t)/dl = —Ne(t;N)Px(f)

The general solution of the above system of equations is not easily ob-
tained. Taking a simpler particular case, where the rate of degradation
with time is a function of time alone, 1i.e.,

e(nt) = o(t)

It may be shown® that the expected number M (¢) of bonds still unbroken
at the time ¢, satisfies the differential equation

dM(t)/dt = — o(t)M(t)
whence, by integration,
M(t) = N exp {— Sy o(7)d7}

The expected number of bonds already broken by the time ¢, »(f) is
given by

o(t) = N — M) = N(1 — exp {— J¢ o(r)dr})
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and the degree of degradation « at the time ¢ by the expression

a(t) = 1 — exp {— Ji o(r)dr} (6)

In the particular case where the function ¢(f) is constant, that is it does
not, change with time

e(t) =k
we obtain
a(f) =1 — exp {—kt} (7

identical with the equation derived by Simha.*

Comparison with Experimental Results

Finally, the applicability of eq. (7) to actual cases of random degradation,
such as acid hydrolysis of cellulose, and the degradation of polystyrene
solutions by ultrasonic waves, was tested by comparing it with the experi-
mental results. It was assumed, contrary to Hiller and Pascu,” that no
“weak’ links are present in the cellulose.

Jorgensen?® followed the course of the degradation with time of a solution
of cellulose in phosphoric acid. It may be assumed that all erystallinity is
destroyed under these conditions.

Table I shows that this degradation follows, very accurately, eq. (7).

Battista® followed the course of the degradation with time of heterogene-
ous suspensions of various cellulose samples in aqueous hydrochloric acid.
It will be seen from Table IT that here Simha’s formula is no longer obeyed.
This may be due to the fact that Battista’s work was carried out under con-

TABLE 1
Homogeneous Acid Hydrolysis of Cellulose
Comparison of Experimental Data® with Theory

Experimental Caleulated according to
a=1—exp{—kt}

Degree of Rela-
degrada- tive Relative
tion, a, = Degree of Degree of  error error
Time of Degree of @ — @ polymeri- degrada- 100 X 100 X
Sam- hydroly- polymeri- a,(ay — 1) zation, tion, (Aa,/a,), (Ae,/ay),
ple sis, {, hr. zation, a, x 108 a’, a’, X 108 % %
1 0 1600 0 1600 0 — -
2 15 1410 84 1447 66 3 27
3 60 1055 323 1124 265 6 22
4 135 760 691 820 595 7 16
5 210 612 1010 645 925 5 9
6 330 468 1513 481 1454 3 4
il 750 258 3253 255 3300 1 1
8 1140 182 4873 177 5012 3 3
9 2100 101 9282 102 9215 1 1

o~

8 = 4.41 X 1076 caleulated according to the method of least squares.
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ditions where two degradations take place simultaneously, that of the
crystalline and that of the amorphous cellulosic material.

It was found that Battista’s data fit with abetter degree of approximation
the equation

a=1—exp{—k"} (8)

obtained by assuming «(f) in eq. (6) to be proportional to a power of ¢.
That the formula often fits the experimental results may be seen from
Table II.

Jellinek studied the degradative influence of ultrasonic radiation on
polystyrene solutions. Despite the fact that the system was homogeneous,
Simha’s formula did not give correct results here and again it was better to
use eq. (8), where m = 0.574. This may be seen from Table III.

APPENDIX
The basic eq. (1) may be written as follows:
N - N—-—v—n-—1 :
T” S(np + 1) = ;r _’: Stp) + 3 SGw) (9

It will now be proved that the solution of this equation is given by eq.
(2).

Since S(n;v) is a linear expression with respect to m,y; (7 = 0, 1, ...,
s — n), it is sufficient to prove that on substituting eq. (2) in eq. (9) the
coefficients of m,; on the left and right-hand side of the equation are
equal.

Let A, B, and C indicate the coefficients of m,y, in the expressions for

S(n;v + 1), S(nv) and 25 S(i,v), respectively.
It then follows from eq. (2) that

e

4= () - BN =m0 +2) + (@ +j — 1]

prirsd
Y

X —a—sF i ¥ —n+D++i-16— D]

B =

C__{(N—n—j+l)i (Nv_ffp)

1
_(N v p=1N —v—n—1p + 2
v

S—

><[2N—2n+‘2+j(v—1)—p(v+1)]}
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It remains to be shown that
N —v N—v—n-—1
B+ C

S
E 2
For this purpose €' must be put into a more convenient form. Since
N—-—n-—29p
_7’,—] I A 1 (N -_n - p)
N—-v—n—-p+2 v—1\ v—2

1 N-—n-j+1
C_N”{( v )

2N —2n+2+4j0 — 1) EJ: (N—n - p)
- 2

l'_]. P

Using the well-known identity
() () o ()= (1)
m m m m + 1
the following two identities may be easily shown to be valid for all positive
integral values of &, n, and m:
k kE+ 1 ny _(n+1)\ _ k
( )*( )+“'+(m)“(m+1) (m+1)

m m

and
1(n)+2(n—1)+“_+k(n—k+l)=
m m
(n—{—?)_(n—l—Z—k)_ .(n+1—k
m + 2 m + 2 m + 1

The first identity leads to the expression

021 ey ) iy B e

and the second identity to the expression

L (N —n—p\_

pz=:1p( g~ )_
N-n+1 N=n=j7+1 AN —— 3

B —4d v — 1

v v



RANDOM DEGRADATION OF CHAIN POLYMERS 301

Substituting these expressions in eq. (10) we finally obtain

o lC ) )

The proof may now be easily completed.

Summary

1. A uniform rigorous mathematical treatment is presented for the
random degradation of chain polymers, including the three fundamental
initial states, viz: (a) a finite single chain, (b) a number of chains of the
same length, and (¢) a number of chains of varying lengths.

2. Limiting expressions are derived for the number fraction and weight
fraction of chains of a given degree of polymerization theoretically ob-
tainable for a given degree of degradation.

3. The stochastic approach is employed for the derivation of the
mathematical expression for the degree of degradation as a function of time.
This is compared with some experimental results and a generalization of
the usual formula is proposed.
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Synopsis

A uniform rigorous mathematical treatment is presented for the random degradation
of chain polymers, including the three fundamental initial states, viz., (a) a finite single
chain (b) a number of chains of equal length, and (¢) a number of chains of varying
lengths. Limiting expressions are derived for the number fraction and weight fraction
of chains of a given degree of polymerization, theoretically obtainable for a given degree
of degradation in all three cases. The stochastic approach is employed for the deriva-
tion of the mathematical expression for the degree of degradation as function of time. It
is assumed in the derivation that the probability P that a given bond still unbroken at
the time ¢ will break in the time interval between ¢ and ¢ + At is of the form P = ¢({)Al,
where ¢(t) is not necessarily a constant. Instead of the well known formula «(f) = 1 —
exp { —kt} an empirical formula « (¢) = 1 — exp { —kt™} is proposed; this formula in-
cludes the former as' a special case (when ¢(¢{) = const.), and is shown to better fit the
experimental results obtained in studies on the degradation of cellulose and of polysty-
rene solutions.
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Résumé

Un traitement mathématique rigoureux et uniforme est présenté pour la dégradation
statistique des polymeres, incluant les trois états'initiaux fondamentaux, (a) une chaine
simple, (b) un nombre de chaines de méme longueur, et (¢) un nombre de chaines de longu-
eur différente. Des expressions limites sont déduites pour la fraction en nombre et
la fraction pondérale de chaines d’un degré de polymérisation donné, théoriquement ob-

}_e_llzil_)l_e pour un degré de dégradation donné dans les trois cas. La théorie stochastique
est employée pour la déduction de 'expression mathématique pour le degré de dégrada-
tion en fonction du temps. On accepte dans I'équation que la probabilité P qu’une
liaison intacte au temps ¢ cassera dans Uintervalle ¢ et (¢ + Af) est de la forme P =
o()At dans laquelle ¢(f) n’est pas nécessairement une constante. Au lieu de 'expression
bien connue a(f) = 1 — exp | —kt} une expression empirique a(f) = 1 — exp { —ktm}
est proposée. Cette formule inclut la formule précédente comme cas particulier (quand
#(t) = constant) et on montre qu’elle correspond mieux aux résultats expérimentaux ob-
tenus dans les études concernant la dégradation des solutions de cellulose et de poly-
styréne.

Zusammenfassung

Eine einheitliche, strenge mathematische Behandlung des statistischen Abbaus von
Kettenpolymeren wird gegeben, die drei grundlegende Ausgangszustinde einschliesst,
nimlich (a) eine endliche Einzelkette, (b) eine Anzahl Ketten von gleicher Linge und
(¢) eine Anzahl Ketten verschiedener Linge. Fiir die Grenzfille werden Ausdriicke
fiir den Molenbruch und Gewichtsbruch an Ketten mit einem bestimmten Polymerisa-
tionsgrad abgeleitet, die theoretisch fiir einen bestimmten Abbaugrad in allen drei Féllen
erhalten werden kionnen. Fiir die Ableitung des mathematischen Ausdrucks fiir den
Abbaugrad als Funktion der Zeit wird die stochastische Methode verwendet. Bei der
Ableitung wird angenommen, dass die Wahrscheinlichkeit P fiir eine bestimmte Bindung,
die zur Zeit f noch intakt ist, im Zeitintervall zwischen £ und ¢ + At gespalten zu werden,
von der Form P = ¢(t)At ist, wo ¢(t) nicht unbedingt eine Konstante sein muss. An
Stelle der wohlbekannten Gleichung «(¢) = 1 — exp { —kt} wird die empirische Bezie-
hung «(f) = 1 — exp { —kim} vorgeschlagen; diese Beziechung enthiilt die erstere als
Spezialfall (fiir ¢(f) = const), und zeigt eine bessere Ubereinstimmung mit den experi-
mentellen Ergebnissen bei der Untersuchung des Abbaus an Cellulose- und Polystyrol-
lésungen.
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